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Abstrat
Two 3 × 3 matries playing the role of annihilation and reation operators in the
neutrino-avor spae of νe, νµ, ντ are applied to onstrut the o-diagonal part of neutrino
eetive mass matrix M . The onstrution leads to a new relation between two o-
diagonal elements Me µ and Mµ τ of M . In the ase of tribimaximal neutrino mixing, this
relation implies a new mass sum rule for ν1, ν2, ν3: m3 = ηm2− (η− 1)m1. In a plausible
option onsistent with the harged-lepton mass spetrum, one gets η ≡ (2/3)(4√3+1) =
5.28547. Then, ∆m2
32
/∆m2
21
= η2 − 1 = 26.9362 if m1 = 0, what predits ∆m232 ∼
2.2× 10−3 eV2 when the input ∆m2
21
∼ 8.0× 10−5 eV2 is used.
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1. Previous work
In a reent paper [1℄, we have proposed the new relation
Mµ τ = 4
√
3Me µ (1)
between two o-diagonal elements of neutrino eetive neutrino mass-matrixM = (Mαβ) (α, β =
e, µ, τ). This relation is valid, if the o-diagonal part of M is tentatively onjetured to
be built up from two 3 × 3 matries playing the role of annihilation and reation op-
erators ating in the neutrino-avor spae of νe, νµ, ντ and, in addition, if the neutrino
avor-weighting fators ρα (α = e, µ, τ) dened in Eq. (12) get the spei values
ρe =
1
29
, ρµ =
4
29
, ρτ =
24
29
, (2)
where
∑
α ρα = 1. In Ref. [1℄, the fators ρα have been tentatively assumed to be
numerially equal to the fermion generation-weighting fators ρi (i = 1, 2, 3) whih take
the spei values (2), ρ1 = 1/29, ρ2 = 4/29, ρ3 = 24/29, for all fundamental fermions and
play a signiant role in desribing fermion mass spetra [2,3,4℄. Espeially, appearing
in an eient harged-lepton empirial mass formula, the fators ρi are onsistent with
the preisely measured mass spetrum me, mµ, mτ [3,4℄. Consequently, in Ref. [1℄, the
annihilation and reation operators in the neutrino-generation spae of ν1, ν2, ν3 have been
applied, rather than those having the same matrix form in the neutrino-avor spae of
νe, νµ, ντ (see the omment after Eq. (12)).
In the ase when the neutrino eetive mixing matrix U = (Uα i) (α = e, µ, τ , i =
1, 2, 3) is of the tribimaximal form [5℄
U =


√
2√
3
1√
3
0
− 1√
6
1√
3
1√
2
1√
6
− 1√
3
1√
2

 (3)
that is reasonably onsistent with all onrmed neutrino experiments, our relation (1)
provides the new mass sum rule for ν1, ν2, ν3
1
m3 = ηm2 − (η − 1)m1 (4)
with the spei oeient
η ≡ 2
3
(4
√
3 + 1) = 5.28547 . (5)
In fat, in the tribimaximal ase, the elementsMαβ =
∑
i UαimiU
∗
βi of the netrino eetive
mass matrix M are:
Me e =
1
3
(2m1 +m2) ,
Mµµ = Mτ τ =
1
6
(m1 + 2m2 + 3m3) ,
Me µ = −Me τ = −1
3
(m1 −m2) ,
Mµ τ = −1
6
(m1 + 2m2 − 3m3) . (6)
Two last equations (6), if inserted in the relation (1), give the mass sum rule (4) with (5).
If m1 = 0, the mass sum rule (4) with (5) leads to the predition
∆m2
32
/∆m2
21
= η2 − 1 = 26.9362 (7)
and hene, ∆m2
32
∼ 2.2 × 10−3 eV2, when the input of experimental estimate ∆m2
21
∼
8.0× 10−5 eV2 [5℄ is used. The predited ∆m2
32
is lose to the popular experimental best
t ∆m2
32
∼ 2.4× 10−3 eV2 [6℄.
2. A less restritive ase
In the present paper, we nd the ounterpart of formula (1) in the ase when the
neutrino avor-weighting fators ρα (α = e, µ, τ) are not neessarily of the form (2)
harateristi for the fermion generation-weighting fators ρi (i = 1, 2, 3), and where the
neutrino mixing may deviate from the tribimaximal pattern (3).
To this end, let us make use of two matries in the neutrino-avor spae of νe, νµ, ντ :
a =

 0 1 00 0 √2
0 0 0

 , a† =

 0 0 01 0 0
0
√
2 0

 , (8)
2
satisfying the relations
n = a†a , [a , n] = a , [a† , n] = −a† , a3 = 0 , a† 3 = 0 . (9)
Though [a , a†] 6= 1, suh a and a† play the role of annihilation and reation operators in
the neutrino-avor spae of νe, νµ, ντ , while
n =

 0 0 00 1 0
0 0 2


(10)
is the operator dening formal oupation numbers nα = 0, 1, 2 orresponding to three
avors α = e, µ, τ of νe, νµ, ντ , respetively.
Then, it is natural to onjeture tentatively that for the o-diagonal part of neutrino
eetive mass matrix M the following onstraining identity holds:

 0 Me µ Me τMe µ 0 Mµ τ
Me τ Mµ τ 0

 = µ ρ1/2 [g(a+ a†) + g′(a2 + a† 2)] ρ1/2
= µ

 0 g
√
ρeρµ g
′√2ρeρτ
g
√
ρeρµ 0 g
√
2ρµρτ
g′
√
2ρeρτ g
√
2ρµρτ 0

 , (11)
where g and g′ are free parameters (multiplied by an ative-neutrino mass sale µ > 0),
while
ρ1/2 =


ρ
1/2
e 0 0
0 ρ
1/2
µ 0
0 0 ρ
1/2
τ

 . (12)
Here, ρα (α = e, µ, τ) are alled the neutrino avor-weighting fators, not neessarily
equal to the fermion generation-weighting fators ρi(i = 1, 2, 3) (Trρ ≡
∑
α ρα = 1).
Formally, we have in Eq. (11) ρ1/2 =
(
ρ
1/2
αβ
)
=
(
δαβ ρ
1/2
β
)
and a = (aαβ). But, in the
ase of ρα taking as in Ref. [1℄ the plausible values (2) (numerially equal to ρi), we
an alternatively write ρ1/2 =
(
ρ
1/2
αi
)
=
(
δαi ρ
1/2
i
)
and a = (aij), the latter ating in the
neutrino-generation spae of ν1, ν2, ν3 rather than in the neutrino-avor spae of νe, νµ, ντ
(here, both a's have the same matrix form (8)). Above, we put δαi = 1 for α i = e 1, µ 2, τ 3
and = 0 otherwise. Thus, in this ase, the mehanism (11) onstraining the o-diagonal
3
part of M an be interpreted as working entirely in the neutrino-generation spae, sine
among all a priori possible omponents ραi of ρ, only those with α i = e 1, µ 2, τ 3 an be
nonzero.
From the identity (11), it follows that
g = Me µ/(µ
√
ρeρµ) = Mµ τ/(µ
√
2ρµρτ ) , g
′ = Me τ/(µ
√
2ρeρτ ) (13)
and hene,
Mµ τ =
√
2ρτ/ρeMe µ . (14)
Note that Meµ = −Meτ in the ase of bilarge or (in partiular) tribimaximal neutrino
mixing. Then, from Eq. (13)
g = −
√
2ρτ/ρµ g
′ . (15)
In the tribimaximal ase (see Eq. (6)), Eqs. (13) and (14) imply the parameter values
g = −
√
2ρτ/ρµ g
′ =
1
3
(m2 −m1)/√ρe ρµ (16)
and the neutrino mass sum rule
m3 = η m2 − (η − 1)m1 (17)
with the oeient
η ≡ 2
3
(
√
2ρτ/ρe + 1) . (18)
In the ase of ρα (α = e, µ, τ) taking tha plausible values (2), we get from Eqs. (16)
and (18) the parameter values g = −2√3 g′ = [29/(6µ)](m2 − m1) and the oeient
η ≡ (2/3)(4√3 + 1) = 5.28547 as given in Eq. (5).
3. Conlusion
In onlusion, the onstraining identity (11), if it holds for the o-diagonal part of
neutrino eetive mass matrix M , means that this part is built up from two annihilation
4
and reation operators ating in neutrino avor-spae of νe, νµ, ντ . Then, the new relation
(14) is valid between Meµ and Mµτ , implying in the ase of tribimaximal neutrino mixing
the new neutrino mass sum rule presented in Eqs. (17) and (18). If, in addition, the
avor-weighting fators ρα (α = e, µ, τ) take the plausible values (2), this mass sum rule
is given as in Eqs. (4) and (5), while the relation (14) assumes the form (1).
For normal hierarhy of neutrino masses m1 < m2 < m3, when the lowest mass is put
in the range
m1 ∼ (0 to 10−3) eV , (19)
we infer from the experimental estimate ∆m2
21
∼ 8.0× 10−5 eV2 that
m2 ∼ (8.9 to 9.0)× 10−3 eV . (20)
Then, making use of the mass sum rule (4) with (5), valid in the ase of ρα taking the
plausible values (2), we predit
m3 ∼ (4.7 to 4.3)× 10−2 eV (21)
and hene,
∆m2
32
∼ (2.2 to 1.8)× 10−3 eV2 (22)
for m1 lying in the range (19). The value ∆m
2
32
∼ 2.2× 10−3 eV2 is lose to the popular
experimental best t ∆m2
32
∼ 2.4× 10−3 eV2 [6℄. So, in the range (19), the value m1 ∼ 0
is implied. Then, m3 ∼ ηm2 from Eq. (17).
In the ase of m1 = 0, Eqs. (6) and (4) with (5) imply the relations
Me e = Me µ = −Me τ = 1
3
m2 ,
Mµµ = Mτ τ =
1
3
m2 +
1
2
m3 = (4
√
3 + 2)
1
3
m2 = 8.92820
1
3
m2 ,
Mµ τ = −1
3
m2 +
1
2
m3 = 4
√
3
1
3
m2 = 6.92820
1
3
m2 , (23)
where m2 ∼ 8.9× 10−3 eV. This leads to the proportion
5
Me e : Me µ : (−Me τ ) : Mµ τ : Mµµ : Mτ τ = 1 : 1 : 1 : 4
√
3 : (4
√
3 + 2) : (4
√
3 + 2) (24)
for elements of the matrix M . Note that TrM = (η + 1)m2 = 6.28547m2.
4. Final remark
Note nally that the identity (11), involving the avor-weighting fators ρα (α =
e, µ, τ) whih take plausibly the same values as the generation-weighting fators ρi (i =
1, 2, 3), is related in spirit with the empirial mass formula we have proposed reently [4℄
for ative mass neutrinos νi of three generations i = 1, 2, 3. This formula reads
mi = µ ρi
[
1− 1
ξ
(
N2i +
ε− 1
N2i
)]
, (25)
where Ni = 1+2ni = 1, 3, 5 (ni = 0, 1, 2) and ρi = 1/29 , 4/29 , 24/29, while µ > 0 , ε and
ξ are three free parameters. Expliitly, the mass formula (25) an be rewritten as follows:
m1 =
µ
29
(1− ε
ξ
) ,
m2 =
µ
29
4
[
1− 1
9ξ
(80 + ε)
]
,
m3 =
µ
29
24
[
1− 1
25ξ
(624 + ε)
]
. (26)
Due to the formula (25) or (26), the mass sum rule (4) with (5), valid in the ase of ρα
taking the plausible values (2), imposes on two parameters ε and ξ the onstraint
1
ξ
= 0.0173763− 0.0070452ε
ξ
. (27)
Form1 = 0, three parameters in the neutrino mass formula (25) or (26) take the values
µ ∼ 8.1× 10−2 eV , ε
ξ
= 1 ,
1
ξ
= 1.03311× 10−2 . (28)
Here, in ontrast to the value of µ, the values of ε/ξ and 1/ξ are independent of the
input of experimental estimate ∆m2
21
∼ 8.0 × 10−5 eV2, sine they are evaluated from
the relations m1 = 0 and m3 = ηm2, where µ > 0 is anelled after Eqs. (26) are used
(m1 = 0 implies ε/ξ = 1).
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